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Abstract 

The Lagrangian formalism for tensor fields over differentiable mani- 
folds with different (not only by sign) contravariant and covariant affine 
connections and a metric [(Ln, g)-spaces] is considered. The functional 
variation and the Lie variation of a Lagrangian density, depending on 
components of tensor fields (with finite rank) and their first and second 
covariant derivatives are established. A variation operator is determined 
and the corollaries of its commutation relations with the covariant and 
the Lie differential operators are found. The canonical (common) method 
of Lagrangians with partial derivatives (MLPD) and the method of La- 
grangians with covariant derivatives (MLCD) are outlined. They differ 
from each other by the commutation relations the variation operator has 
to obey with the covariant and the Lie differential operator. The canonical 
and covariant Euler-Lagrange equations are found as well as their corre- 
sponding {Ln, g)-spa.ces. The energy-momentum tensors are considered 
on the basis of the Lie variation and the covariant Noether identities. 



1 Introduction 

The recent development of the models for description of the gravitational in- 
teraction (Hecht and Hehl 1991), (Hehl et al 1995) give rise to a tendency 
in using more general differentiable manifolds than the (pseudo) Riemannian 
spaces (Eddington 1925), (Schrodinger 1950). 

The fact that afhne connection, which in a point or over a curve in a Rie- 
mannian space can vanish [leading to the principle of equivalence in the Einstein 
theory of gravitation (ETG)], can also vanish under a special choice of the ba- 
sic system in a space with affine connection and metric (von der Heyde 1975), 
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(Iliev 1992), (Hartley 1995) shows that the equivalence principle in the ETG is 
only a corollary of the mathematical apparatus used in this theory. Therefore, 
every differentiable manifold with affine connection and metric can be used as a 
model for space-time in which the equivalence principle holds. But, if the mani- 
fold has two different (not only by sign) connections for tangent and co-tangent 
vector fields, the situation changes and is worth being investigated. The main 
characteristics of differentiable manifolds with different (not only by sign) con- 
travariant and covariant affine connections and a metric [(L„, (/)-spaces] have 
been outlined in (Manoff 1995) [or in (Manoff 1996)]. 

There arc countless mimbers of papers concerning the applications of the 
Lagrangian formalism in classical field theories over (pseudo) Euclidean and 
(pseudo) Riemannian spaces. Since the crucial works of Noether about the 
role of the symmetries of a Lagrangian density for finding out local conserved 
quantities the most authors consider a Lagrangian formalism using invariant 
with respect to the co-ordinate action of a physical system, constructed by 
means of a Lagrangian density with certain symmetry properties [s. for example 
(Lovelock and Rund 1975)]. On this basis they have found the Euler-Lagrange 
equations and the corresponding conserved quantities. Other authors have used 
the invariance of a Lagrangian density with respect to functional variations [s. 
for example (Schmutzer 1968)]. Both types of investigations have found their 
applications in classical field theories over differentiable manifolds with an affine 
connection and a metric. But both types of considerations are using the common 
method of Lagrangians with partial derivatives. 

The task of this paper is to show that a Lagrangian theory of tensor fields can 
be considered over (_L„, g)-spaccs by means of the common (canonical) method 
of Lagrangians with partial derivatives (MLPD) or by means of the method of 
Lagrangians with covariant derivatives (MLCD). Both methods differ to each 
other. The second one is an entirely covariant, related to tensor fields over 
a differentiable manifold method, leading to independent of the affine connec- 
tions (and therefore, to independent of the transport of the tensor fields, gauge 
invariant) field theoretical structures. 

A Lagrangian formalism for tensor fields over differentiable manifolds with 
affine connections and a metric has three essential structures: 

(a) The Lagrangian density. 

(b) The Euler-Lagrange equations. 

(c) The energy-momentum tensors. 

In Sec. 2. a Lagrangian density for tensor fields and its properties are con- 
sidered as well as its functional and Lie variations. A variation operator is intro- 
duced related to the functional variation and the corollaries of its commutation 
relations with the Lie differential operator and with the covariant differential 
operator are summarised. 

In Sec. 3. the Euler-Lagrange equations are obtained as a result of the 
functional variation of the Lagrangian density. 

In Sec. 4. the energy-momentum tensors are found by the use of the Lie 
variation of the Lagrangian density. The main objects under the consideration 
could be given schematically as follows 
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2 Lagrangian density L. Functional and Lie vari- 
ations. Variation operator 

A Lagrangian density L is by definition a tensor density (relative tensor field) 
of rank with the weight q = ^, depending on tensor fields' components and 
their first and second covariant derivatives. In accordance to the two diflfer- 
ent considerations of a Lagrangian density L over a differentiable manifold M 
(dimM = n) with affine connections and a metric [{Ln, g)-space], one can in- 
troduce the following definitions: 

(a) Lagrangian density of type 1. Tensor density L with weight q = \ and 
rank 0, considered as depending on components of tensor fields (with finite rank) 
and their first (and second) partial derivatives with respect to the co-ordinates 
x'^ as well as on components of affine connections and their partial derivatives, 

L = ^/-dg.L{gij, Qij^k, 9ij,k,i, b, B,i, B,i,j) , (1) 

where L{x^) = L'{x^ ) is a Lagrangian invariant, gij are the components of the 
covariant metric tensor field g = gij.dx'^.dxJ = gap-e".e^, dx^ .dxJ = ^{dx^ 
dx^ +dx^ ®dx^), Qij = Qji, B are components of tensor fields V or components 
of an affine connection F (with components LJ^.), or P (with components Pj^), 
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dg = det(fify) < 0, 



(b) Lagrangian density of type 2. Tensor density L with weight q = ^ and 
rank 0, considered as depending on components of tensor fields (with finite rank) 
and their first (and second) covariant derivatives with respect to basic vector 
fields and to the corresponding aflane connections, 

L = ^J—dg.L{gij, Qij-k, 9ij;k;l, B, B;i, B;i;j) , (2) 

where L{x'') = L'{x'' ) is a Lagrangian invariant, gij are the components of 
the covariant metric tensor field g, b are components of tensor fields V = 

B-CA ® — V"^ b-Oa ® dx^ with finite rank, A = ii...ik, B = k, I G 

N. V"^ B;i is the covariant derivative of the components V"^ b along a con- 
travariant basic vector field Cj (or di) (or along a co-ordinate a;'). 

The Lagrangian density L is (by definition) a tensor density of rank and 
weight i with respect to the parameters x"^ . On the other side, L can be written 
in the form 

L = L{y{x),w{x), z{x)) = L(r(x)) , (3) 

where 

r ~ (r^...,r^r^+^...,r^+P,r''+^'+^...,r''+^'+«) , s,p,qeN. ^' 

y is the set of the functions b (more precisely the image in R of the set of 
the functions over i?"), w is the set of the functions Bi B-i or B,i), 

z is the set of the functions Bij (^ B;i;j or K"^ B,i,j)- Every of the sets of 
these finite numbers of functions defines a vector space with the corresponding 
finite dimension over M (dimM — n). The whole set Y ~ (jj,w,z) builds a 
finite vector space as a direct product of the single vector spaces y, w and z 

Y = y xw X z , Y = m , y = R^ , w = i?p="-« , z = Ri="^-^ , 

Y = R^ = R^ X RP X Ri , r eY . ^ ' 

Remark. In accordance with the number of the tensor fields, y, w and z 

could have some linear subspaces. 

In this way, the Lagrangian density L appears as a real function over R^ 

L : U{R^) V{R) , U{W) C R' , V{R) C'R=R. (6) 

L could have all properties of a real valued function of a finite number of 
variables over a manifold M (dim M = n) and therefore, it could be considered 
as an object of the multidimensional analysis. The vector spaces y, w and z 
appear as linear subspaces of Y. Under these premises the rules and theorems 
of the multi-dimensional analysis are also valid for L. 
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2.1 The Lagrangian density L as a difFerentiable function 
over Y = W 

Let we now consider a real function L : [/ R, where U (ZY . 

Definition 1. (Zoritch 1981, p. 435) The function L, : U ^ R, defined over 
the set U C R^ (or over a neighbourhood oi r E U) is called differentiable at a 
point r G J7 (r is a limit point for U) if 

L{r + h)-L{r)^l{r).h + a{r;h) , h £ R^ , (7) 

where l{r) : h R is a linear function with respect to h and a{r; h) ~> o{h) for 
h^{) [lim^^o[a(^; h)]=Q\,r + hEU. 

Remark. A limit point for C/ is a point r for which r ^ r, r E U . r seeks at 
r over the set U. The basis in t/ is a set of neighbourhoods of r in the set U. 
The elements of the basis are denoted as ?7c/(r) = [/ n U{r). 

The vectors 

Arih) ^{r + h)-r = h, 
AL(r; h) = L(r + h) - L(r) 

are called correspondingly increment of the argument r and increment of the 
function L. These vectors are usually denoted by the symbols of the functions 
of h: Ar and AL(r) 

Ar:h^ Ar{h) = h , , , 

AL(r) : h AL(r; h) = L(r + h) - L(r) , hEY . ' 

The linear function l{r) : R^ —> R is called differential (tangential map, 
derivative map) of the function h : U R at the point r E U . 

The differential of the function L : U ^ R is usually marked by means of 
the symbol (iL(r). 

In accordance with the last symbol, ^ can be written in the form 

AL(r; h) = L(r + h) - L(r) = dL{r).h + a(r; h) . (10) 

One could see that the differential is in its nature defined over the increment 
h of the considered point r E R^ 

dL(r).h E R , dL{r) : h dL{r).h , dL(r) : U C R^ ^ R . (11) 

dL(r) :T,(i?^" =F) ^TL(,)(i?) . (12) 

In full accordance with the one-dimensional case, the function of several 
variables L is differentiable at a point r, if its increment AL(r; h) at this point 
appears as a linear function of the increment h of the argument r within an 
accuracy of a term a(r; h) which is infinitesimally small for h ^ 0, compared 
with the increment h of the argument r. 
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2.2 Differential and partial derivatives of the Lagrangian 
density L 

Let we now consider the real function L : [/ — > -R, defined over the set U C Y = 
W and differentiable at the point r £U . In the most cases C/ is a range of Y . 
If r is an internal point of the set U , then the point r + h will (after a sufficient 
small increment h of r) also belong to U and therefore, r + h £ U will lie in the 
domain of L : J7 ^ i?. If we express r, h and l{r).h in a co-ordinate basis as 



l{r).h = aj{r).y = a.,[r).h' + bk{r).h'' + ci{r).h' , 



k , (13) 



then the relation L(r + /i) — L(r) = l{r).h + Q:(r; /i) can be written in the form 

L(y^ + h\ w'' + + /i') - My\ w^,z^) = , . 

^a^{r).h' +hk{r).h^ +ci{r).h^ +o{h) (for ^ 0). ^ > 

ciiir), hk(r) and ci{r) are connected to the point r real numbers. 

The norm in R> can be defined in the usual form (Zoritch 1981, p. 432), as 



Let we now determine the real numbers (r) , h]^ (r) and c; (r) . For finding a 
solution of this problem we will concentrate our attention not on an arbitrary 
increment h oi r but on a special increment /i™ e R" colinear to the vector em 
. For h ~ /i™ it is obvious that || h \\ — \ h™ \ and we obtain from ^ 

Uy\ y™ + h^, y^ w\ z') - L{y\ y", y^) = a,„(r)./i" + o(/i) 

for /i" ^ . 

(16) 

The last equality means that if all variables of the function L(y', w^, z') with 
an exception of j/™ are fixed, then the constructed in this way function of the 
variable y"^ is differentiable at the point y™. It follows from [l6| that 



a™(r)= lim^-i-[L(y^...,y™ + /^'",...,y^«;^z')-L(y^•■•,y'",•■•,2/^«^^^')] 



1 

/i" 

(17) 

Definition 2. The limit ^ is called partial derivative of the function L(r) 
at the point r ~ {y^,w'', z'') with respect to the variable y™. This derivative is 
marked by the symbol 

Proposition 1. (Zoritch 1981, p. 437-438). // the function L : U ^ R 
defined over a set U d Y = R^ is differentiable at an internal point r e U , then 
the function L has at this point partial derivatives with respect to every one of 
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the variables and the differential of the function L is uniquely determined by 
these partial derivatives in the form 

fir ay ay 

dUr).h = —ir).h^ = l-ir).h^ + ^(r).h>^ + ^^{r).h^ . (18) 

Example. For the function tt* : a; — ^ a;*, a;* £ _R, x G i?", i. e. tt* is a maping 
of ) to the corresponding co-ordinate x\ one has 

ATT'{x,h) = {x' + V) - x' ^ht , 



because of A/(a;, ft.) = /(x + /i) — /(cc), where / = tt*. The increment Att' of 
the function tt* is only a hnear to h function: 7r*(/i) — hi — A7r*(/i). Therefore, 
A7r'(x, /i) = dTT'^(x,h) = Air^ih) and dTT^{x) = dvr* is independent of a; e i?". 

If we write a;*(a;) instead of Tr^{x), then it foUows that dx^{x)h — dx^.h = ti 
[dx\h = dx'{h)]. 

By means of the last relations and on the grounds of the expression ^ 
one can write the differential of an arbitrary function in the form of a linear 
combination of the differentials of the co-ordinates of its argument x G i?" 



dfix).h = dJix).h' = d,f{r).dx\h) ,yheR" , . . 

df{x) = d,fix).dx' = f4x).dx' . ^^''^ 



Therefore, 



dL{r) = ;f-^{r).dy' + i^{r).dw'' + ■^{r).d7J , h' = dr\h) , h = dr{h) 



\r).dz' , h' = dr\h) , h = dr(h 

(20) 

dL{r).h = T^{r).h^ = ^{r).dr4h) , dL{r) = ^.dr^ . (21) 

2.3 Functional variation of the Lagrangian density L 

The differential dL(r) of the function L(r) maps an element h E Y = into 
an element d'L{r).h £ R 

dL(r) : h dL{r).h eR , r,h £ W . 

dLi{r).h can be written in the form |l^ 

dUr).h = ^{r).y = —irW + ^(0-/^^ + ^W-/^' • 

Let r and r + ft, be elements of one and the same subset U C Y = R^: r, 
r + h £ Ui d U d Y . ft is interpreted as the increment of r. Let we now assume 
that ft — s.Sr is constructed by means of the image 5r of r under a certain 
linear mapping (operator) 5 : r Sr with r, Sr £ U, r, h — e.5r £ Ui £ U , 
e £ [0, 1] c R. Then, 

r + ft = r + e.5r , r^ + h^ = r^ + e.Sr' , (22) 
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dL{r).h = s.dLir).Sr = e.^{r).Sr^ = s.^ir).Sy^+e.^{r).Sw''+e.^{r).Sz' 

(23) 

dLi{r).Sr is called functional variation 5L(r) of the Lagrangian density L(r). 
The operator (mapping) S is called variation operator. In this case the expression 
would have the form 

^{r + e.Sr) — L{r) ~ e.d'L{r).Sr + a{r; e.6r) , lim a{r;e.6r) = . (24) 

The last expression can also be written in the form 

L(r + e.Sr) - L(r) = e.SL{r) + a{r; e.Sr) , (25) 

where 

5L(r) = dL(r).(5r = lim{i[L(r + e.5r) - L(r)]} , (26) 



or 



<5L(r) = dL(r).<5r = ^(r).<5r^ = r^l(^).jy^ + ^(^).Ju;fc+ (r).fc' . (27) 

(5L(r) could be considered as the image of L(r) under the action of the 
variation operator 5. This action of 5 on L(r) is determined by the definition 
of 5L(r) 

5 : L(r) ^ SL{r) = dL{r).Sr , r, e F = i?^ dL(r).(5r G i? , 5 : R ^ R . 

(28) 

Let we now consider the integral (Lovelock and Rund 1975, pp. 188-189) 

5(e) = [ L{r{x) +eMx))-d^"'^x , (29) 



where Vn is the volume of a limited region of R"; r — r(x), x ^ {x^, ...,a;"); 
r{x), Sr{x) d Y = R^ . The increment h = e.Sr{x) (respectively Sr) are also 
depending on the parameters x™. L(r(x)) is now considered as a function of the 
parameters x"^ and the integral S{e) is considered as a function of the parameter 
e [Sr{x) are considered to be arbitrary finite elements of Y]. 

The integral S{e) can be developed with respect to the parameter e by the 
use of the representation p3of L(r(x)) as a differentiable function of r{x) 



5(e) = J L(r(a;) +e.5r(.T)).rf(")a; = 

7 /■ (30) 

L(r(a;)).d(")x + e. / (5L(r(x)).d(")a; + / a{r{x); e.Sr{x))-d^"'' x 



with lim^^o Q:(''(2;); e.(5r(a;)) = 0. 5(e) will have the form 

5(e) = 5(0) + e.6S + 5(a(e)) , (31) 
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where 

3(0)= / L(r(a;)).d(")a; , SS = I SL{r{x)).d('^^x 



(32) 

S{a{£)) = I a{r{x);e.Sr{x)).d^'^^x . 



The integral S{a{£)) is considered (as the other integrals in ^) over a lim- 
ited region Uo{x) C i?" with a finite volume Vn- In this region Uq the function 
a{r{x); e.Sr{x)) is a limited function of r(a::) and Sr{x) [because of the differentia- 
bility of L(r(a;)) at every r(a;) G U{Uq) C y = W] wiih\mi^^Q[a{r{x)\£.6r{x))] = 
0. Therefore, 



linig^o / a.{r[x);£.5r{x)).S-^^ X = J Ihni^^o a{r(x); £.Sr{x)).S"'' x — , 

v„ 

o(e.(5r(a;)).d(")a; < o{e).M , M < oo , e ^ . 



(33) 

The value of the integral S{a{e)) aims at e = faster then the integral SS 
liin[i.y" e.SL{rix))J"'^x] = J 6Lir{x))J''^ x = SS . (34) 

The function S'(e) is differentiable at e = 0, where SS is the differential of 
>S'(e) at the point e = 0. e.SS is uniquely determined because of the relation 
(Zoritch 1981, p.l87) 

^.^^ 5(e) - 5(0) ^ 5K£)) ^^^^ 

SS appears as the derivative of 5(e) at e = 0. 



£=0 



is the necessary condition for the existence of an extremum of 5 at the point 
e = 0. Therefore, the condition 

SS= [ (5L(r(x)).rf(")a; = (36) 



appears as a necessary condition for the existence of an extremum of the function 
5(e) at the point e = 0, to which the point r(x) G Y = corresponds: 
r{x) — lime^o[''(a;) + e.Sr{x)]. 

SS ~ can also be written in the form 

SS= [ dL{r{x)).Sr.d'-"h = . (37) 
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Sr(x) <E U G Y = W can be considered as an arbitrary chosen element of 
the subset U & It could have fixed values on the shell (the boundary) [Vn) 
of the volume Vn and especially, it can vanish on (V^) 

6r\(v^) = . (38) 

The problem of finding out the conditions for L(r(a;)) appearing as local 
necessary conditions for 55 = with 5r\(y„) = is related to the simple La- 
grangian problem for the case of tensor fields with finite rank. As a sohition of 
this problem the Euler-Lagrange equations follow for the variables r as functions 
of the co-ordinates of a region of the manifold M . 

Rem.ark. For simplicity, we identify every point x of the differentiable mani- 
fold M with its co-ordinates a; ~ (a;% « = 1, n) € i?" in a given map, where 
X : p = X € M ^ x{p = a;) = xei?"(xeM~xe iZ"). All functions over 
X G M arc considered as functions over x G i?". 

Remark. The introduction of the differential and the partial derivatives of 
the function L(r) is equivalent to the introduction of the Frechet derivative for 
finite normed spaces. The considerations of the function S{e) is analogous to 
the introduction of the Gateaux derivative in finite normed spaces (Hutson and 
Pym 1980), (Ljusternik and Sobolev 1982). 

SS is denoted as the variation of the action S, where the action S is defined 

as 

S = 5(0) = J L(r(x)).d(")a; . (39) 
v„ 

If we interpret L as a Lagrangian density depending on field variables and 
r as field variables, then we obtain the well known relations of the variational 
problem for the Lagrangian density L. 

(a) The Lagrangian density L depends on components (in a given basis) of 
tensor fields (with finite rank) and their first and second partial derivatives with 
respect to the co-ordinates as well as on components of the affine connections 
over M and their partial derivatives 

J. = L{K^B, K^B,i, K^B,i,j) , (40) 

where i^^B --(<?.„ b, ^-fe, PjJ. 

gij are the components of the covariant metric tensor in a given basis, b 
are components of non-metric tensor fields V , F*-^ are the components of the 
contravariant affine connection F and P^j^ are the components of the covariant 
affine connection P. 

As a tensor density of rang and weight ^ the Lagrangian density L can 
be constructed by means of the metric tensor g in the form L = yJ—dg.L, 
dg = det((?jj) < 0. L is the Lagrangian invariant with respect to the co-ordinate 
transformations (with respect to the diffeomorphisms of the manifold M) 

L'(x^') = L(a;'=) . 
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Therefore, the Lagrangian density L will have the form 



L=^^g.L{K^B, K^B,^, K^B,^,J) (41) 

and the variation (5L will be written as 
where 

dL dL dL dL 



dRAg^^ d{KAB,i)' ^KAB,^,J ^iK^B,^,J) ' 

The validity of commutation relations of the type 

S{K^ 5,0 = {SK^ B),^ , S{K^ B.,j) = {SK^ B)a,j (43) 

is a problem connected with the validity of commutation relations between the 
variation operator S and the partial derivatives. It requires additional investi- 
gation. Usually it is assumed that ^ is a priory fulfilled (Schmutzer 1968) or 
follows on the basis of the condition {d / dx^){5r) = and the differentiability 
conditions for the function L. 

(b) The Lagrangian density L depends on components of tensor fields (with 
finite rank) and their first and second covariant derivatives. In an analogous 
way as in the case (a), L can be written in the form 



L=^^g.L{K^B, K^B■,^, K^B■,^■,o), (44) 

where 

K^B-{9^J. V^b) ■ 

The variation (5L will have the form 



where 

dK^B:, ^ d{K^B;i) ' dK^^ ^ d{K^^ - 
The validity of commutation relations of the type 

5{K^ B;.) = {SK^ B)■,^ , S{K^ B;,;,) = (,5if ^ Bh;j (46) 

is a problem connected with the commutation relations between the variation 
operator S and the covariant derivatives. It requires additional investigation. 

The Euler-Lagrange equations can be obtained by means of the functional 
variations of a Lagrangian density and of these of its field variables considered as 
dynamic field variables (in contrast to the non-varied field variables considered 
as fixed and non-dynamic field variables). 
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2.4 Lie variation of the Lagrangian density L 

The free choice oi h E Y = (under the prerequisite for r + /i G J7, r G C/) in 
the expressions ^ and |l^ aUows us to consider an other type of variation than 
the functional variation. 

Let we suppose that the increment h is constructed by means of the action 
of the Lie differential operator £^ on r, considered as tensor fields components, 
£^ : r ^ £^r G Y, as 

h = e.£^r , G T{M) , e G [0, 1] C i? . (47) 

£(^r are the (well defined) Lie derivatives of the components of the tensor 
fields and their covariant derivatives. In this case the increment h appears as 
an infinitesimal dragging-along an arbitrary given contravariant vector field ^ 
over M. Then 

r + h = r + e.£cr, r' + h' = + e.£^r\ (48) 

9L 

d'L{r).h — e.dL{r).£^r — e.[-^{r).£^r^] — 
rf\ i^T r)T 

dL{r).£cr is called Lie variation of the Lagrangian density L. It follows 
from 1^ and ^ that 

L(r + e.£^r) — L(r) = e.d'L{r).£^r + a(r; e.£^r) , (50) 

where 

hm [a{r;e.£fr)] = , or lim[a(r; e.£f r)] = 0, if | £fr \ucy < M < oo . 

The Lagrangian density L considered as a function of the parameter e is 
differentiable at the point e = 

lim i[L(r + e.£^r) - L(r)] = dL(r).£^r . (51) 

To the point e = G i? corresponds the point r eY ~ W . 
Let we now consider the integral 



(52) 



S{e) = j L(r(x) +e.£^.r(x)).d(")a; , r = r{x) , £^r = £^r{x) , 

r, £^r eY , X e R"" , 

and develop this integral with respect to e by the use of the representation |4| 
of L(r(a;)) as a differentiable function of r{x) 



S{e) = J L(r(a;)).d(")x + £.y dL{r{x)).£^r{x).d^"'> x+ 

. ^" _ _ (53) 

+ / a{r{x);e.£^r{x)).d'^"')x ^ S{0) + e.SiO + S{a{e)) , 
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where 

S{0) = / L(r(a;)).d(")a; = ^(O) , S{0 = J dL{r(x)).£^r{x).S'^^ x , 



We define now the Lie derivative of the integral S{e) at the point e ~ along 
an arbitrary given contravariant vector field ^ £ T{M) as 

£5 [5(0)] = Imi "^^^^ ~ ^^^^ = . (54) 

Since 'S{e) - 'S{Q) = e.Si() + S{a{e)), we obtain from g 

£^[Sm = lim,_,o ^ lim^^o i[£.^(0 +^("(£))] = ^(0 , (55) 

because of linie^o ^S{a{e)) — . 

Therefore, 

£^[S{0)]^S{O = / dL(r(2;)).£5r(a;).d(")a; . (56) 



On the other side, the Lie differential operator £^ (Yano 1957), (Manoff 
1996) acting on the integral 5(0) has to commute with the integral, i. e. it has 
to obey the relation £^ o J = J o £^j and therefore, 



.,^(o)]^.,yL(.(.))..(")..y.,[L(K.)).d(").]. 

_ ^" _ . ^" (57) 

= ^^[^(O)] = 5(0 = / dL{r{x)).£^r{x).S''^x . 



Since 

' £^[L{r{x))J''^x] = I [£^L(r(a;))].d(")x , (58) 



where £i^h{r{x)) is the Lie derivative of the tensor density L and £^ is the 
form-invariant Lie differential operator acting on covariant tensor densities as 
L. From the relations ^ ^ it follows that 

£^L{r{x)) EE dL{r{x)).£^r{x) , (59) 



or 



F)T 



13 



Remark. From the expressions ^ it follows that 

j dL{r{x)).£^r{x).S''^x J £^L{r{x)).S''^ x , (61) 
v„ v„ 

where £^'L{r(x)) — dL{r{x)).£^r{x) is defined as the Lie variation of the La- 
grangian density L. From ^ and |6l|, it follows that the Lie variation of the 
Lagrangian density L is equal to the Lie derivative of the Lagrangian density 
L considered as a tensor density on which the form-invariant Lie differential 
operator £j acts. 

If L and r are expressed in their explicit forms, then we obtain for G T{M) 
the s. c. Lie identity for the Lagrangian density L 

(62) 

where 

K^B^{g^,, V^b). 

The next problem is the explicit representation of the identity ^ by means 
of the explicit form of the Lie derivatives of the components and their first 
and second covariant derivatives of the metric tensor field g and the non-metric 
tensor fields V . As a result we obtain the covariant Noether identities for the 
Lagrangian density L and the corresponding energy- momentum tensors. This 
problem has been already solved for a Lagrangian theory of tensor fields (with 
finite rank) over differentiable manifolds with an affine connection and a metric 
[(L„,5)-spaces] (Manoff 1991). 



2.5 Variation operator 

Definition 3. Variation (variational) operator. Operator 5, acting on the 
components of tensor fields in a given basis and preserving the type of these 
tensor fields. The result of its action is identified with the result of the action of 
an operator (denoted with the same symbol 5) on tensor fields with the following 
properties: 

1. Action on a tensor field K 

S : K ^6K, 



K, SK e(E)''i{M), 
SK = 5K^ B-CA ® = 6K^ o-dc ® dx^, 
K = K^ B.eA ® = K'^ n-dc ® dx^, 
K^B^ C"-(M), 5K^ B e C"-(M), xeM, 

(1.1) For k = I = this property leads to the action od S on an invariant 
function / £ ®°o(A/): 

6:f^6f, f,SfeC''{M), f, Sf<E<E>\{M). 
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Remark. A function / over M could be an invariant function [/ e ®° q{M), 
f G C"'(M)] or a noninvariant function / G C""(M), / ^ (8)°o(-M) [changing its 
form and value under the change of the map (co-ordinates) in M] . 

2. Action on a function / 

S:f^Sf, f, Sfe C-{M) , 

3. Linear operator with respect to tensor fields 

S{a.Ki + P.K2) = a.dKi + (3.5K2 , 
a,(3eR{ovC), Ki&®^i{M), i = 1,2 , 

4. Differential operator acting on tensor fields and obeying the Leibniz rule 

S{f-9) = Sf.g + f.Sg, f,g€C'-{M), f,g€0\{M), 
5{Q®S) = 6Q<^S + Q®SS , Q e i{M) , 5 e O"* r{M) , 

5a. Commutation relations (as additional conditions) with the Lie differen- 
tial operator 

6 o £q^ = £q- o (5 , 5 o £f,^ = o S , 
S o £^ — £g^ = £^ o S , 

5b. Commutation relations (as additional conditions) with the covariant 
differential operator 

S O Va^. = Vdj °S , 60 Ve„ = Ve„ o S , 
5 o V{ - = V{ o ^ , 

5c. Commutation relations (as additional conditions) with the contraction 
operator S 

S o s = S o s . 

From the properties 2. and 4. it follows that SI = , 1 G N C C""(M). 
Proof: (5(1.1) = (51). 1 + 1.(51) = 2.(51) = 51 : 51 = 0. 

From the properties 2., 3. and 4. it follows that Sa = 0,a = const. G i?(or 

C) c C"-(M). 

Proof: d{a.g) = a.Sg = 6a.g + a.Sg : 5a = 0, Vg G C"'(M). 

The commiitation relations of the variational operator with the covariant 
differential operator, the Lie-differential operator and the contraction operator 
S could be represented in the following scheme. The commutation relations of 
type A appear as sufficient conditions for the commutation of 5 with the partial 
derivatives of the field variables. The commutation relation of type B appear 
as sufficient conditions for the commutation of 5 with the covariant derivative 
of the field variables. 
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Commutation relations of type A 
5 o = £g. o 5 , S o £f,^ = o 5 
S o £^ — £s^ = £^ o S 
Hf,j) = i^f),j . Kecf) = e„((5/) 

s{p;i, + ry = o 



S{eaK^ b) = eaiSK^ b) 
<5(e<.r^^) = e^iSV^^) 

Commutation relations of type A 



Commutation relations of type B 
i5 O = Vd, o S .fi o V, = Ve„ o 5 , 
(5 o - Va-^ = o 5 

, 7 







5Ti. = 









5iK^ B-j) = {5K^ b):j , 
S{K^B/,.) = iSK^B)/,, 
5{K^b,j) = {6K^b),j 
5{eaK^ b) = ec.{5K^ b) 



sip;k,i) = isp;k),i = o 

5{e.p^)=e,{5P^^)=Q 

5P^ aPi = ~Pia-^^l3l'^ 

Commutation relations of type C 



kl 





5 o S — S o 5 

The method using commutation relations of type A is the method of La- 
grangians with partial derivatives (MLPD). The method using commutation 
relations of typo B is the method of Lagrangians with covariant derivatives 
(MLCD). In this case the affine connections appear as non-dynamic fields vari- 
ables and the variation commutes simultaneously with the partial and the co- 
variant derivatives of the tensor fields components. The commutation relations 
of type C could be used when the contraction tensor field Sr = P j-di (g) dx^ = 

fB-Ca e^ is considered as a (fixed) non-dynamical tensor field or when 
Sr = Kr = gj-di (?) dxP = gp-e^ $5 e'^, i.e. when the contraction tensor field 
Sr is equal to the Kronecker tensor field Kr. In both cases 5oS = S oS appears 
as a sufficient condition for Spj = 0. 

On the basis of the two types 1. and 2. of the Lagrangian density L and the 
commutation relations A and B two types of methods determining a Lagrangian 
formalism can be developed: 

(a) Method of Lagrangians with partial derivatives (MLPD). 

(b) Method of Lagrangians with covariant derivatives (MLCD). 



<5(,rfe.//) = o, dir,.fp^) = o 



5Pi, 



-STi 



jk jk 
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2.6 Method of Lagrangians with pEirtial derivatives (MLPD) 

The method of Lagrangians with partial derivatives (MLCD) is a Lagrangian 
formalism for tensor fields based on: 

(a) A Lagrangian density L of type 1. 

(b) The action 5 of a Lagrangian system described by means of the La- 
grangian density L 

S = j L.d(")x = j L.div , 



v„ 



where is a volume in the manifold M with dimM = n; div = y^—dg.d^'^^x is 
the invariant volume element. 

(c) The functional variation 6S of the action S with the condition {dS = 0) 
for the existence of an extremum 

SS = 5 j L.d(")j; = j SLJ^'^x = . (63) 

(d) The functional variation of the Lagrangian density L in the form 

t-T 9L dL dL 

(e) The variational operator S obeying the commutation relations with the 
Lie differential operator 

6 o £^ = £^ o 5 + £s^ , 

6 o £q. = £q. o 5 (in a co-ordinate basis), (65) 
5 o £g^ = o (5 (in a non-co-ordinate basis), 



leading to commutation of 5 with the partial derivatives: 

S{gij.k) = {5gij).k ; S{9ij,k,i) = {Sgtj),k,i , 

S{V^ B,i) = {SV^ B),i , SiV^ B,i,j) = {SV^ B),iJ 



(66) 



(f) The Lie variation £^S of the action S 

£^S ^ £i [ L.d(">a; = / Z{L.d(")a; . (67) 



(g) The Lie variation of the Lagrangian density L in the form 

i^|L = ^.£^gij + -^^■£d9ij,k) + .£^{gij,k,i)+ 
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Remark. In the last expression, the Lie derivatives of the partial derivatives 
of the components of tensor fields have to be determined in an appropriate 
manner (Schmutzer 1968). There is no covariant definition of the Lie derivative 
of partial derivatives of the components of tensor fields. 



2.7 Method of Lagrangians with covariant derivatives (ML CD) 

The method of Lagrangians with covariant derivatives (MLCD) is a Lagrangian 
formalism for tensor fields based on: 

(a) A Lagrangian density L of type 2. 

(b) The action S* of a Lagrangian system described by means of the La- 
grangian density L 

S = / L.d(")a; = / L.dij 



where is a volume in the manifold M with dimM = n; duj = ^—dg.d^'^^x is 
the invariant volume clement. 

(c) The functional variation dS of the action S with the condition for the 
existence of an extremum 

SS = S J lJ^'^x = J 6LJ"^x = . (69) 

Vn Vn 

(d) The functional variation of the Lagrangian density L in the form 

CT ^ dL ^. . dL ^. , 

= ■^■^9ij + ■S{gir,k) + ^- ■S{9ij;k;l) + 

<J9ij (^gij;k 09ij;k;l 

(e) The variational operator S obeying the commutation relations with the 
covariant differential operator 

(5 o V{ = V{ o 5 + Vaj , 
6 o Va^ = Vdj °S (in a co-ordinate basis), (71) 
6 o Ve^, = Ve^, o5 (in a non-co-ordinate basis), 



leading to commutation of 5 with the covariant derivatives: 

S{gij;k) = iSgij):k , S{gij.k;i) = iSgij);ka , 

SiV^ B■,^) - {SV^ s);, , S{V^ B;i;i) = (SV^ B);i;: 



(72) 



(f) The Lie variation £^S of the action S 

£^S = £(. j L-rf^"'a; = j liLA'^'^'^x . (73) 
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(g) The Lie variation of the Lagrangian density L in the form 



In the MLCD [because of the commutation relations (e)] the affine connec- 
tions r and P, and their corresponding curvature tensors are considered as non- 
dynamic fi.eld variables [ST]^ = 0, 8?]^, = 0, ^ki = 0, = 0). There- 
fore, in the MLCD variations of the components and their covariant derivatives 
of the covariant metric tensor g and the non-metric tensor fields V are consid- 
ered for given (fixed) affine connections and for fixed and determined by them 
types of transports of the tensor fields. Of course, the question arises how the 
affine connections can be found if not by means of a Lagrangian formalism. 
The first simple answer is: the affine connections (or the equations for them as 
functions of the co-ordinates in M) can be found on the grounds of the MLPD 
and then the components of the tensor fields (as functions of the co-ordinates in 
M) can be determined by means of MLCD. This answer could induce an other 
question: why two methods have to be applied when one is enough for finding 
out all equations for all dynamic field variables. There are at least two possi- 
ble answers to this question: 1. The MLCD ensure the finding out equations 
for tensor fields (as dynamic field variables). These equations are (a) covariant 
(tensorial) equations and (b) form-invariant (gauge invariant) equations with re- 
spect to the affine connections. The affine connections could be determined on 
the grounds of additional conditions and not exactly by means of a variational 
principle. 2. The MLPD can ensure the consideration of the affine connections 
as dynamic field variables and the finding out their field equations. It cannot 
give direct answer for the type (tensorial or non-tensorial) of the equations ob- 
tained for the tensor field variables and their corresponding energy-momentum 
quantities. The tensorial character of quantities and relations concerning the 
tensor fields variables has to be proved (which, in general, could be a matter of 
some difficulty) (Lovelock and Rund 1975). 

In the development of the MLCD problems arise connected with the different 
conditions for obtaining Euler-Lagrange's equations. 



3 Euler-Lagrange's equations 

Let a Lagrangian density of the type 2 

L = ^J — dg.L{g^j, gij-k, gij;k;h b, B;i, B;i;j) 

be given, gij are the components of the metric tensor field (metric) g, 
B are components of non-metric tensor fields V with finite rank {A = ii...ik, 
B = ji-.-ji), A, B are multi-indices, dg = det(g'ij) < 0, -k is the covariant 
derivative (constructed by means of the affine connection F and / or P) with 
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respect to a basic vector field e/j (or dk), Lis the corresponding to L Lagrangian 
invariant. 

The functional variation of L can be considered under the following condi- 
tions: 

1. The metric and the afHne connection are in general independent charac- 
teristics of a (Z/„ , 5)-space. 

2. As sufficient condition for the commutation of the functional variation 
6 with the covariant derivative -k along a basic vector field Ck (or dk), i.e. as 
sufficient condition for 

S{9ir,k) = {S9ij)-k , S{V^ B;k) = {SV^ B);k , (75) 

appears the condition for the operators 5 and Vo^ , acting on tensor fields over 
M, 

<5oVa, =Va,o,5, (76) 
and leading also to the conditions 

ST]^ = 0, .JPjfc = , Soek = ekod ,5odk^dkoS. (77) 

Therefore, the contravariant affine connection T with the components r*^, 
and the covariant connection P with the components Pj^. appear under these 
conditions as fixed, non-dynamic field variables. 

3. gij and b arc considered as dynamic field variables. The functional 
variation of L will be found with respect to these dynamic tensor fields. 

4. The functional variation doj'^ of the covariant basis determining 
(Lovelock and Rund 1975) the invariant volume element du) 

did = ^.y/~dg.eA-uj^ = yZ-dg.d'-'^^x, 
= dx'^ A ... A dx'^ = A ... A e*", ^("^x = dx^ A ... A da;", 

is equal to zero 

5uj^ = Q . (78) 

Rem,ark. The last condition 4. follows from the properties of the functional 

operator i5. 

The functional variation of L under the conditions 1-^4 can be considered in 

two different ways for obtaining the Euler-Lagrange equations for and 
B- These two ways are determined by the different types of terms, separated 
during the variation of L, and different conditions for the affine connections F 
and P for obtaining a common divergency term, necessary for the application 
of the Stokes theorem. 

3.1 Covariant Euler-Lagrange 's equations 

The functional variation of L with respect to gij and b as components of 
the dynamic tensor variables g and V can be written in the forms 

(5L = ^/-dg.{5gL + dyL), 
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= + l-L.g^'^Sgu + ^^-SV^ B+r ■,m] , (79) 



where 



OQki 2 dgu 

(80) 

The functional variation [5 gh) .d'^''^^ x = 6g{L.dLo) with respect to gij under 
the conditions 1^4 can be written in the form 

SgiL.du) = {8gL).dU . (81) 

If one has to apply the variational principle to the action S 

S = j = j L.(i(")a; = j L.duj , (82) 

V„ Vn Vn 

with 6S = J SL.d'^^^x = and d^"^a; as a non-invariant volume element, and 

duj = —dg.d^"-^ X as the corresponding invariant volume element, then the 
covariant Euler-Lagrange equations for gij , respectively for b , 

M + pi.=o^^ = -ii.5^-P-, ^ = -P^^ (83) 

dgij dgij 2 5V^ b 



can be found. This can be done after rewriting the scalar density —dg.j"^ -m 
as a common divergence {^/—d^-j"^),m of a vector field density j™ = sj—dg.j'^ 
and using Stokes' theorem with the boundary conditions 

^aki \{Vn)= 0' ^"^"^B |(y„)= 0, 
{^gki);i \{Vn)= - {^ghi),i |(K.)= 0, ( because of 6gu |(y„)= 
and bP]^ = 0), 

{SV^ B);i \iv„)= ^ {SV^ B),^ |(y„)= 0, ( ~ because of 5V^ b |(v„)= 

and ^P;^ = 0), 

(84) 

for the arbitrary variations 6gki, SV'^ b and their (first) covariant (or partial) 
derivatives on the shell (V^) of the volume Vn- 

For every contravariant vector field j* the necessary and sufficient conditions 
for the existence of the relation 



V^g-f ;i =r ,i = {V^9-f),i (85) 
are the conditions for the components Tj^ of the affine connection F 

gi = Fffc-(log7=rf;),i = 0, where Ff, = gf.F^,, (86) 
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or the equivalent conditions 

(in a non-co-ordinate basis {ci} with [ei,efc] = Cik '-C;) , 
where 7], = T^^. - T% - \ T^, = gf.Tl, ,0^^"= gt-Qk ' 



(87) 



(ii = ni-\-9'''-gkm + gl9l^o 

(in a co-ordinate basis {di}) , (88) 

whereT;,=r|.-r}, , 5^.=r^+i>t, p^^-pi. = u^k' . 

The necessary and sufhcient conditions foUow from the relations 

^g-r ;i = (v^/),i + {Tt -Cik''- W^'.gm + gidM^sf) = 

= j\i + Qi-r , y = V^-f , Qi = Tt, - C,fc - \.g^^.gki;i + gi-Qi-i 
(in a non-co-ordinate basis), 

(89) 

= r,i + qi.y , r = V^g-r , q^ = Tt-h -s'' -gm + gi -g^ (90) 

(in a co-ordinate basis). 

The conditions in a co-ordinate basis are needed when Stokes theorem is 
to be applied (Lovelock and Runnd 1975). (They are identically fulfilled in 

y„-spaces.) 

The necessary and sufficient conditions can also be written in the form gj.j* = 
0. By the use of the explicit form of f (see below) and the arbitrariness of 5gij 
and 5V^ B and their covariant derivatives {Sgij);k and {5V^ B):i, there follow 
the covariant Euler-Lagrange equations for g and V in the form: 

g + i,L..^ + P«=0, J^ + P."=0, (91, 

where 

SgL _ dL dL ^ ( 9L 

<: — a V a ''"^ ^ V o );n;m : V'^l 

Ogu Ogu ugu-m Ogkl;m;n 

x,H , dL , dL dL . ^ , . dL 

^ = ^'-[^ - ^TTn + TTn ^-'^^ + ~ '^'■'^^■TTn ' ^^^^ 

Ogklii Ogu-i-j Clgkl;j;i Ogkl;j;i 

5yL _ dL _ dL dL 

5V^ B~ dV^ B ^dV^ B;i ^ ^dV^ B;i;j ' ^ ' 

o r dL dL dL dL 

6gl, =y^.(^ + -.L.g''').Sgki + \f^g.gf ■,i = 
ogki ^ 
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g] = g] +l3-jr- -Sgu , 

■m , dL . dL , , . . dL ^ . 
gj = [-^ + ^ ):n\ogki + (-^ -ogkO-^n , 

Ogkl-m Ogkl;m:n Ogkl;n;m Ogkl-n-m 



_ , dL 

Vj - V3 + Qj ■ Qyj^ 



.5V^ 



■m r dL dL dL . dL ^ 

dV^ B;m dV^ S;m;n dV^ B-n-m dV^ B;n;m 

Explicit form of the covariant Euler- Lagrange equations for gij under the 
conditions qi = for the affine connections. 
For qi = Q : P^^ = and we have: 

.5„L 



SgL = ^/^g.SgL = ^^g{^.Sgkl + gf^ ;») , (96) 

ogki 

ogki ogki I 
From the Euler-Lagrange equations ^ for gki , it follows that 

S L 

= , (dimAf = n). (98) 

For the special case, when L — L{gij, b, B;i, B-.i-.j) 

5„L dL dL n ^ . „^ 

ogij dg^j dgij 2 

L appears as a homogeneous function of gij with a degree of homogeneity 
m — (Euler's theorem). 

Explicit form of the covariant Euler-Lagrange equations for b under the 
conditions qi — for the affine connections. 

For = : Pa ^ — and we have: 

S^L = ^/^g.5.,L = ^/^g{J^.SV^ B + vr ;m) , (100) 
5vL _ dL dL ( d^ \ _ n (^(\^^\ 

~ dv^ ' ^dv^ B;i-' ^ ^dv^ B-^-r''' ~ ■ ^ ' 
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3.2 Canonical Euler-Lagrange's equations 

The functional variation of the Lagrangian density L with respect to gij and 
B can be presented in the form 

- + S,L = ^^.Sgki + J^-SV^ s + , (102) 
ogki oV^ B 

where 

r-gj' + .r. (103) 

The Stokes theorem can be apphed for the common divergency ^ in (Ln,g)- 
space (dimM = n). After introducing the boundary conditions 

Sgki |(y„)= 0, SV^B |(y„)= 0, 
iSgki):i l(v„)= ^ {Sgki).i l(y„)= 0, ( ~ because of Sga |(y„)= 
and ST)^ = 0), 

{SV^ s);. |(y„)= ~ {5V^ B).^ \(v„)= 0, ( ^ because of SV^ b |(y„)= 

and ST)^ = 0), 

(104) 

for the arbitrary Sgki and SV^ b and their (first) covariant (or partial) deriva- 
tives on the shell (Vn) of the volume Vn, the canonical Euler-Lagrange equations 
for gki and b can be found in the form identical to the form of the covariant 
Euler-Lagrange equations ^ The result does not depend on the form- invariant 
covariant differential operators V„ and V,j acting on L (the definitions of V„ 
and Vu are given below). 

If additional conditions are imposed on the affine connections for obtaining 
a common divergency term, then the canonical Euler-Lagrangian equations can 
be found in the forms respectively: 

5„L (5„L 



where 



- );m + (t^ );n;m = , (106) 



Jkl 



Ogkl Ogkl-m Clgkl-m-n 



(t^TTI );^ + (7JT74 h* ^ ^ ■ (107) 



5V^ B dV^ B ^dV^ B;k ^dV^ B-Mi 

The representation of the covariant divergency ;i as a common divergency 
term j* and additional terms depends on the form-invariant covariant differ- 
ential operator by the use of which the covariant divergency j* ;i has been repre- 
sented. There exist two different form-invariant covariant differential operators 
V„ and V„ [u G T(M)] (see the subsection below about these operators) acting 
on covariant tensor densities Q = {dg)'^.Q with u; ~ q G R and Q G ®^ i{M) 
of the type of = y'-dg.f (here Q = j = = j".ea, w = q = 5). The 
covariant divergency of will have the forms 

(a) under the action of V^: 
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(in a non-co-ordinate basis), cins'i 

(in a co-ordinate basis), 
(b) under the action of Vu- 

j* ;i =i\i + (Ptk + ^ik - '^ik '')j* (in a non-co-ordinate basis), .^^g. 
;i = j* ,i + {Pik + r*i;).j* (in a co-ordinate basis). ^ ' 

Let we now sketch the properties of the form-invariant covariant differential 
operators acting on covariant tensor densities (covariant relative tensor fields). 

3.3 Tensor densities (relative tensor fields) over (Ln,g)- 
spaces. Form- invariant covariant differential opera- 
tors for tensor densities 

1. Tensor densities (Relative tensor fields). The notion tensor density 
is usually connected with the product of a tensor field with a determinant to 
some power of a quadratic matrix. The number of the matrix elements is equal 
to the square of the dimension of the manifold. The elements of the matrix are 
identified with the components of a tensor field of second rank, chosen in the 
most cases to be a covariant metric tensor field g. The necessity of constructing 
tensor densities is connected with their transformation properties and with the 
invariant volume element over a manifold M. 

2. Contravariant and covariant tensor densities. For the construction 
of a contravariant or covariant tensor densities one can use the determinant 
(and its powers) of the components of contravariant or covariant tensor fields of 
second rank. It is assumed that these tensor fields of second rank are symmetric 
or anti-symmetric tensor fields. 

Definition 4. Contravariant tensor density Q with weight to is the product 
of the tensor field Q with the determinant d-j^ to the power ui {iv = q G R), 
Q = {d-jrY .Q, where dj^ = Aei{K) = det{K^^) (in a co-ordinate basis), d-j^ = 
dct{K°'^) (in a non-co-ordinate basis), % 7^ 0, Q G ,(Af), det(if"'^ = 
J2.det(ii:"'^'), det(iC"'''') = J-2.det(ij:"'3), J = det(A„/") = det{dxydxi>) 
(in a co-ordinate basis), = det(^„ " ), J.J~^ = .J = 1. 

Definition 5. Covariant tensor density Q with weight lu is the prod- 
uct of the tensor field Q with the determinant d^ to the power lu {lo G R), 

Q = {dK)'^ -Q, where dK_ ~ det(i^) = Act{Kij) (in a co-ordinate basis), dK_ = 
dct{Ka[}) (in a non-co-ordinate basis), 7^ 0, Q e 18)'^ K-^)' det(ifa/3) = 
J-2.det(i4:„/^'), <let{Kij) = J-'^.det{Ki,j,). 

The transformation properties of tensor densities are determined by the 
transformation properties of their constructing quantities: 

^Q' = {d!^r.Q' = J-^'-.{d^r.Q = JJ^'^.Q, 
Q' = {d'^T-Q' = J^^.{dK)^.Q = J^^.Q, Q' = Q. 
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3. Form-invctriant covariant differential operators. Prom 

g' = J-^'^.Q = J-2'^.(%)-.0 andQ' = J^'^.Q = J^'^ .{dK)"^ .Q , 

Q = Qi-eA <E> , 

it follows that V„Q' = -2w.[u(log^J)].Q'+J-2".V„g, V„Q' = 2w.[M(log J)].Q'+ 
J'^'^ .VuQ, and that VtiQ and WuQ do not transform as tensor densities. There- 
fore, the result of the action of the covariant differential operator on a tensor 
density is not a tensor density with respect to its transformation properties. 
New covariant operators have to be constructed mapping a tensor density in an 
other tensor density of the same kind. The determination of such form-invariant 
covariant differential operators acting on a tensor density and preserving its type 
and weight, i. e. mapping a density in a tensor density of the same type, is 
possible but not unique. 

Definition 6. Form-invariant covariant differential operator of type 1. for 
contravariant tensor densities Q. Covariant differential operator V„ : Vu = 
V„ -|- 2u;.r^^.M^ (in a non-co-ordinate basis), V„ = V„ -|- 2u}.r\,,.u'' (in a co- 
ordinate basis): VuQ = B;k-u^-dA <8) dx^ , Q = Q^b-Oa <8) dx^ , 

_Q^B;k = {d-^^.Q^B;k + J(%)"] ;fc -Q-^B = 

= Q ^B,k + T^k-Q ^ B+PEk-Q^D + 2a;.rjfe.g ^ B. 

Q^B-k are called components of the covariant derivative of type 1. of the tensor 
density Q in a co-ordinate basis. 

Definition 7. Form-invariant covariant differential operator of type 2. for 
contravariant tensor densities Q. Covariant differential operator V„ : V„ = 
V« + 2a;. (r^^ -I- Cji3 ^).u'^ (in a non-co-ordinatc basis), V„ = V„ + 2ijj.V\i.u^ 

(in a co-ordinate basis): VuQ = B;k-u^-dA ® dx^ , Q = b-Qa ® dx^ , 

Q^B^ = {di^r .Q^B;,k + [(%)"[^.Q^B + 2lU.TI^^b = 

= Q^B,k + r^k-Q'' B + PEk-Q^D + 2u.rii.Q^B . 

B k ^""^ called components of the covariant derivative of type 2. of the tensor 
density Q in a co-ordinate basis. 

Definition 8. The form-invariant covariant differential operator of type 

1. for covariant tensor densities Q. Covariant differential operator V„ : V„ = 
Vii -I- 2ijj.Pl^,.u^ (in a co-ordinate basis), V„ = V„ + 2uj.Pp^.u^ (in a non-co- 
ordinate basis): V„(5 — B-.k-u'^-dA ® dx^ , Q — Q"^ b-Qa ® dx^ , 

B-k = {dKY-Q^ B:k + [{dKr\.k.Q^B = 
= Q^ B,k + ^Ck-Q'^' B + PEk-Q^ D + "^^-Plk-Q^ B ■ 

B;k are called components of the covariant derivative of type 1. of the tensor 
density Q in a co-ordinate basis. 

Definition 9. The form-invariant covariant^differential operator of type 

2. for covariant tensor densities of the type of Q is the covariant differential 
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operator V„ : V„ = V„ + 2u;.(P^^ — C-yp ^).u^ (in a non-co-ordinate basis), 
V„ — V„ 4- 2uj.Pli.u^ (in a co-ordinate basis): V„(3 = B;k-u^ -Qa ® dx^ , 
Q = Q^ B.dA®dx^, 

Q^B;k = {dxT-Q^ 3., + [{dKYlk-Q^ B + 2uJ.Ul^.Q^B = 
= B,k +^Ck-Q'^' B + PEk-Q^ D + 2u!.P!^i.Q^ B- 

B;k the components of the covariant derivative of type 2. of the covariant 

tensor density Q in a co-ordinate basis. 

The properties of the form-invariant covariant differential operators are de- 
termined by the properties of the covariant differential operator and their con- 
struction. 



3.4 NecessEiry and sufficient conditions for the application 
of the Stokes theorem as conditions on the ciffine con- 
nections 

By means of the different form-invariant covariant differential operators differ- 
ent necessary and sufficient conditions can be found for the application of the 
theorem of Stokes allowing the use of the boundary conditions on the shell (V^) 

of the volume Vn. 

(a) Under the action of V„ the necessary and sufficient conditions for the 
existence of the relation j' -i = j' _j for V j' are the conditions 

Qi = Pki + = Tki - Cik'^ + 9i-9k;i = (in a non-co-ordinate basis), 
Qi = Pki + ^ik = T^i + 9i-9k;i = (in a co-ordinate basis). 

(110) 

(b) Under the action of Vm the necessary and sufficient conditions for the 
existence of the relation j' -i = j* for V j' are the conditions 

Qi — -P^ + ^ik ~ ^ik = (in a non-co-ordinate basis), fm) 
Qi = P^l -I- T^^. = (in a co-ordinate basis). ^ ' 

Under the conditions in a co-ordinate basis the Stokes theorem can be applied 

for the common divergency j' in (L„, g)-space (dimAf = n). 
Explicit form of the canonical Euler- Lagrange equations for gij 

5gL=^.Sgki+ gr -^m , (112) 

ogki 

^ = , (113) 
ogki 

,r = - (^-^ + ^;^);n].Sgki + {^;^.Sgkl);n . (114) 

<jykl;m ^ykl 
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Explicit form of the canonical Euler- Lagrange equations for V b 

5,L = -^^.SV^ B+ vy ■,i , (115) 

, (116) 



SV^ B 

(117) 

Remark. For (L„,5')-spaces and V„ = V„ — 2q.r\^.u'' in a co-ordinate basis 
the relation -i = ^ is fulfilled and no additional conditions for T = —P are 
needed (Lovelock and Rund 1975). 

3.5 Non-equivalence between the covariant and the canon- 
ical Euler-Lagrange equations under the different con- 
ditions for the affine connections 

The canonical Euler-Lagrange equations for gij and V"^ b can be expressed by 
the use of the covariant Euler-Lagrange equations under the different conditions 
for the affine connections. There exist two different types of relations between 
both types of E-L equations, depending on the different form-invariant covariant 
differential operators and V^. Both operators determine different conditions 
on the affine connections for the application of the theorem of Stokes and along 
with it the use of the boundary conditions. 

1. If the form-invariant covariant operator V„ is used, then the canonical 
E-L equations can be written in the forms respectively 



SV^ B dV^ _ 

with the following relations: 

(a) Relations between the covariant and canonical Euler-Lagrange equations 
for gij 

1^ = V^a"^ - bD'') = V^A^ + U.g^^ - bD^') , (120) 
ogki ogki ogki 2. 

B^i = hJI^Q +-0 O W I \ Q 1 

^ Ogkl;m ogki 

(121) 

Q^ = g'''■gkl■,^ = [l0g(-d<,)];. , = gD . (122) 

The relation between gj"^ and gj* can be found in the form 

gt = ^g{gf ' gD') , (123) 
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1 dL 

2 dgkl;i:r 



gD' = l—^^.Q^.6gki = gD'^^KSgki , (124) 



^ <jgkl;i;m 



and the identity for g£> *^ 

1 



gD^ ,k = ^-Qk-igf - gD')- gD ''.5gki (126) 
is valid. 

(b) Relation between the covariant and canonical Euler-Lagrange equations 
for B 

B I, dL ^ dL ,^ .1 ^ ^ . ^ , dL dL 



vDa — r,[aT/-A oT/4 ■{Qk;i+ r,-Qk-Qi) Qi-ia^rA "I"! 



2'dV^ B;i dV^ B;i;k^^ ' 2-^"-'^" ^''^ai^A ^..^ Qy^ B;k; 

(128) 

The relation between „j* and ^j' can be expressed in the form 

vi' = V^givf -vD'), (129) 
1 QT 

-^'=n-Q^-l^ -^^^B, (130) 

and the identity 

,D>' ,k = \-Qk-W - vD^) - vDa "".SV^ b (131) 

is valid. _ 

2. If the form-invariant covariant operator V„ is used, then the canonical 
E-L equations can be written in the forms respectively 



^tjL ^ _^ 5^L ~ g 



= ^ =,Da'' , (133) 



5V^ B B 

with the following relations: 

(a) Relations between the covariant and canonical Euler-Lagrange equations 
for gij 

ogkl ogki ogu 2, 



^ 09kl;m ^ Cfgkl;m;r. 
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(136) 



^ ^ Ogkl-m-n Ogkl-m-n Ogkl-n-m 

(135) 

Q^ = ^-au^ = [log(-d5)];z .Uu""^ - Pa i-Cu ") ,Urm'-= ' 

The relation between gj^ and gj* can be found in the form 

= V^sisf - gD^) , (137) 

~ 1 dL ~ 

gD' = (-.Qra " C/™'').^^ -Sgu = si?'''^55fc^ , (138) 

^ ogu-i-m 

gi^«* = ( Q„-f/,„'-).^ , (139) 

and the identity for gD ^ 

gb'^ ■,k = {l-Qk-Urkl-{gj'' - gD"")- gD'^KSgkl (140) 



is vaHd 



for 



aiiu. 

(b) Relation between the covariant and canonical Euler-Lagrange equations 



Syli I — — 6yL 



- V^aijTT^ - vDa ^) , (141) 



B 



vDa ^ — {7:-Qi ^ Uri ^)--^77a i^^-Qk " Urk 



The relation between yj^ and can be expressed in the form 



~ 1 BT 
uD' = {-.Qk~U^kn-j^ -SV^ B , (144) 

Z OV ^ B-i-k 



and the identity 



yD'' ,k = {\.Qk - C/mfe ").(./ - vD"") - ^Da "".SV^ b (145) 



'2 

is valid. 



IS vana. 

It is obvious (compare for instance 108 and 10£ with ^ for the case of V„) 
that in (L„, g) -spaces the covariant Euler-Lagrange equations are different from 
the canonical Euler-Lagrange equations if the explicit form of and y are not 
taken into account and only general conditions for every or for every are 
imposed . The difference is a corollary of using different terms of (5L and dif- 
ferent conditions for F and P in both ways for obtaining common divergency 
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term necessary for applying the Stokes theorem. Both type of equations are 
identical for Vn and J7„-spaces, where gij-k = 0, {Qi = g^'' -Qki-i = 0) and there- 
fore gD '-^ — and vDa ^ = 0. In (7)-spaces they would be equivalent 
in a coordinate basis, if g^^ .gkis = 0. On the other side, it is obviously that, 
because of the different conditions for F and P, in a (L„, (7)-space in general 
only one type of Euler-Lagrange's equations (canonical or covariant) could be 
used. Therefore, the unique way for avoiding ambiguities is the use of the covari- 
ant Euler- Lagrange equations without using additional conditions on the affine 
connections. 

Remark. The dilemma of choosing the right type of the Eulcr-Lagrange 
equations can be easily solved in the case of (L„, g)-spaces by using only the 
canonical E-L equations and the definition of V,j (which in this case requires no 
additional conditions for the affine connection T = — P). 



4 Energy- momentum tensors 

The energy-momentum tensors can be determined using the method of La- 
grangians with covariant derivatives which leads to the covariant Noether iden- 
tities. 



4.1 Lie variation of the Lagrangian density L 

Let a Lagrangian density of the type || 

L = —dg.L{gij, gij-k, 9ij;k;i, s, B-i, b-a-j) 
be given. The action of the system is defined as 

S = J L.rf(")2; = J L.duj , (146) 

where 

L.du = L.^.e^-'^'^ = L.d(")a; , du) = y'-dg.d'-''-^ x = Jj.^-dg.e^.o;'^ , 
£a = , = dx^^ A ... A dx'"-" , d^"^x = dx^ A ... A rfx" , dimM — n . 

£a is the full antisymmetric Levi-Civita symbol (Lovelock and Rund 1975). 
The Lie derivative of S equal to the Lie variation of S will have the form 

£(_S = £(\ J L.d(")a;] = J L.duj] = J £^[L.d'-"^x] = J £^[L.duj] = 

(£^L).d(")a; . 

(147) 

£jL is the Lie derivative of the Lagrangian density L obtained as a result of 
the action of the form-invariant Lie differential operator £^ on a tensor density 
of the type of L. Let we now make some comments on the definitions of form- 
invariant Lie differential operators acting on tensor densities over (L„, g)-spaces. 
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4.2 Form-invciriant Lie differential operators for tensor den- 
sities 

The determination of Lie differential operators acting on a tensor density and 
preserving its type and weight, i. e. mapping a density in a tensor density of 
the same typo, is possible but not unique. 

Lie derivatives of tensor densities. The Lie differential operator acts 
on contravariant and covariant tensor densities in accordance with its action on 
functions and tensor fields over a manifold M: 

£^Q = {d^r.£^Q + a;.[V5(log%)].Q - 2u^.V\^.^^^^ , 
£iQ = (%r.Ag + a;.[Vj logrf^.Q - 2u.P^^.C.Q . 

The transformation properties of £^Q and £^Q are determined by the construc- 
tion of Q and Q, their transformation properties and the transformation proper- 
ties of the derivatives of the .Jacobian J. From Q = J^^"^ .Q = J^'^'^ .{d-j^)"^ .Q, 

(J = g ^ 0, it Jollows that £^q' = -2w.[^(log J)].q' + J-'^'^.£^Q. It is 
obvious that £^Q does not transform as a tensor density, i. e. the con- 
dition £^q' = J-^".£^Q is not fulfilled in general. From Q' = J^'^ .Q = 
J^'^ .{dK)'^ .Q = O^'b'.ca' ® e^' = .P'^.Q^B-SA ® e^, it follows that £^Q' = 
2u).[^{\ogJ)].Q' + J^'^.£^Q, and that £^Q does not transform as a covariant 
tensor density. It is necessary a new Lie differential operator to be constructed 
which action on a tensor density results again in a tensor density with the 
corresponding transformation properties. 

Definition 10. Form-invariant Lie differential operator of type 1. for 
contravariant tensor densities of the type of Q. Lie differential operator £^ : 
£^ = £^ + 2Lori^4'' - 2uj{C ;j - I^VC*") (in a co-ordinate basis). 

The result of the action of the form- invariant Lie differential operator on 
a tensor density of the type of Q is called Lie derivative of type L of the 
tensor density Q along the contravariant vector field ^ : £(^Q = £ (^[{d-j^)'^ .Q] = 
+ = £iQ^ B.dA ® dx, 

£iQ^ B = Q^ B;k.t + {Sa -^^.g^ B-Sm ^■'.g^ -j - T^k-t)- 

-2u;.iC ■^~Tl^■e)■Q^ B. 

£(,Q ^ B are called components of the Lie derivative of type 1. of the tensor 
density Q in a co-ordinate basis. 

Definition 11. Form-invariant Lie differential operaior of type 2. for con- 
travariant tensor densities of the type of Q. Lie differential operator £j : £j = 
£^ + 2a;. r*^.^*^ — 2w.^* -i (in a co-ordinate basis). 

The result of the action of the form- invariant Lie differential operator i?j 
on a tensor density Q is called Lie derivative of type 2.^ of the^contravariant 
tensor density Q along the contravariant vector field ^ : £i^Q = £ ^[{dj^)'^ .Q] = 
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(d-^)'^ .£^Q + [£^{d-i^)%Q ^ 2uj.T^^.C .Q ^ £iQ ^ B-dA®dx 

-2w.f .,.Q^ B 



£iQ^ B^Q^ B-k-t + iSc^ -^^.Q^ B - SB^ ^^-Q^ D).iC " 



£^Q^ B are called components of the Lie derivative of type 2. of the tensor 
density Q in a co-ordinate basis. 

Definition 12. Form-invariant Lie^differential operator of type 1. for 
covariant tensor densities of the type of Q. Lie differential operator £^ : £^ = 
£^ + 2uj.Pi^.^ + 2uj.{C ;i - T^i4'') (in a co-ordinate basis). _ 

The result of the action of the form-invariant differential operator £^ on a 
tensor density Q is called Lie derivative of type 1. of the covariant tensor density 
Q along a contravariant vector field ^ : £^Q = £^[{dK)'^ -Q] = [£^{dK)'^].Q + 
{dK)'^.£^Q ^l^Q^ B.dA®dx^. 

+ 2UJ.{C ,^-Tl^.e)■Q^ B. 

£(,Q^ B are called components of the Lie derivative of type L of the tensor 
density Q in a co-ordinate basis. 

Definition 13. Form-invariant Lie differential operator of type 2. for co- 
variant tensor densities of the type Q. Lie differential operator £^ : £^ = 

£5 -I- 2uj.Pi^.S!' + 2lu.C -a^ £i + 'i^-PL^^ + '^^■ii^ + Uik-i^) (in a co-ordinate 
basis). 

The result of the action of the form-invariant differential operator £^ on a 
tensor density Q is called Lie derivative ofjtype 2.j>f the covariant tensor density 
Q along a contravariant vector field ^ : £^Q — £^[{dK)'^ .Q] — [£^{dK)'^].Q + 

{dKr.£^Q + 2u;.T^k-i\Q^£^Q^ B.dA®dx^, 
£iQ^ B = Q'' B;k.e + {ScH ^'-Q^ B- ""'-.Q^ dUC u - T;k-t)+ 

+ 2iO.C n-Q^ B- 

£(,Q^ B are called components of the Lie derivative of type 2. of the tensor 
density Q in a co-ordinate basis [compare with (Lovelock and Rund 1975 - 
p.124)]. 

It follows from 147 that the Lie variation of a Lagrangian density L is related 
to the Lie derivative of type 1. of the tensor density L of the type of Q (rank 

4.3 Covariant Noether's identities 

By means of the Lie variation of L 

^ ^ Ik 



i^^L = y=d;(i,,:.r + -.L.g'\£^g,k) 
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■£i9ik + ■£${9ik;l) + ^ •■£{(fl'ife;Z;m) + 



Ogik Ogikd 09ik;l;n 

with an arbitrary contravariant vector field ^ = = ^'^.efe and the expUcit 

form of the Lie derivatives of the metric and non-metric tensor field's compo- 
nents and their covariant derivatives (s. Appendix) the Lie identity can be 
written in the form 

P = (p, + Pfc J .Tt^ ) + P, .C y = for V C and V f y , ( f 49) 

or as the two identities P, = Fi + 9, .j = and Pi ^ =0^^'- ^T, ^ -Q,'= 0. 

The covariant Noether identities can be found in (an analogous to the case 
of Un- and (L„,5f)-spaces (Manoff 1987, 1991) form 

Fi + Oi ■' -j = (first covariant Noether 's identity), (150) 

9i ■' — sTi = Qi (second covariant Noether's identity), (151) 



where 



F- — F- + F- 



T- i — T- 3 J- T i 



(152) 



Qi — vQi + gQi • 

The quantities (A ~ Fi, 6i^, gTi^, Qi-') are the corresponding quantities 

to the components b of the non-metric tensors V . The quantities gA are 
the corresponding quantities to the components Qij of the metric tensor field g. 



4.4 Canonical, generalized canonical, symmetric (of Be- 
linfante) and variational (of Euler-Lagrange) energy- 
momentum tensors 

6i ^ is the generalized canonical energy-momentum tensor (GC-EMT) con- 
structed as a sum of the GC-EMT ^Oi ^ of the non-metric tensor fields V and 
the GC-EMT ^ of the metric tensor g. 

0. j = fi— K i — W- u 

a. j = T. J _ X i - W- ^ ^ 
g^i — gf^i g-^^1 9^'' 1 k • 

vU ^ and gii ^ are the canonical energy-momentum tensors (C-EMT-s) of V 

and g correspondingly. When L is depending only on b, gij and their first 
partial derivatives, ti ^ has been symmetrized by means of the a priory intro- 
duced s.c. Belinfante terms to the symmetric EMT of Belinfante (Schmutzer 
1968). Here „Wi ^'^ k and gWi ^'^ k consist of the generalized Belinfante terms 
for the non-metric tensor fields V and for the metric g respectively. They appear 
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in the construction of 9i ^ in a very natural way as a result of a symmetrization 
procedure. 

sTi ^ is the symmetric energy-momentum tensor of Belinfante (S-EMT-B) 
constructed as a sum of the S-EMT-B ^gTi ^ for the non- metric tensor fields V 
and the S-EMT-B gsTi ^ for the metric g, where (s. Appendix) 

gs-i-t — g J^t ■ 

Qj ^ is the variational energy-momentum tensor of Euler- Lagrange (V-EMT- 
EL) constructed as a sum of the V-EMT-EL ^Q.^ ^ for the tensor fields V and 
the V-EMT-EL gQ, ^ for the metric g. 

If the covariant Euler-Lagrange equations (E-L equations) for V"^ b are of 
the type 

SyL ^ , 6gL 



, -0, and /— =0 for 5^, (155) 
then Qj = and 

' = sT^ ' . (156) 

But one has to take into account that the covariant E-L equations for the 
metric g and the non- metric tensor fields V in g)-spaces are not the equa- 
tions in 



155 but the equations 



Remark. The explicit forms of the EMT-s and their corresponding quantities 
are given in the Appendix. The explicit form of ^ shows the role of the 
covariant Euler-Lagrange equations in its structure. 

4.5 Symmetric energy-momentum tensor of Hilbert 

The symmetric energy-momentum tensor of Hilbert (S-EMT-H) for the compo- 
nents of non-metric tensor fields V is determined in l^j-spaces (where S = C 
and J = 5], g-f^ = gik, gj_k = gjk, vshT^^ = vshT''^ ) as (Schmutzer 1968) 

.shT. ' = - gi,.ysHT^^ . (158) 

The same definition could be accepted for vshTi ^ in {Ln,g)- and (L„,g)- 
spaces as a generalizations of that one in y„-spaces. 

By means of the explicit form of Sgli/dgjk and the form-invariant covariant 
differential operator Vm, vshTi ^ can also be written in the forms 

vshT, ' = gQ. ' - glL + 2.gDj.'.gj, = 
= gs% gT,' + gO^ = + 2.gDl\gj^ = (159) 
= T- ^ — T- ^ A- O ^ ^2 Dl^ a- 
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The last two relations are obtained using the connection between gf .L and 
ysT^ ^ or „sT:' in fsil 



Non-equivalence between the symmetric energy-momentum tensor 
of Belinfante and the symmetric energy-momentum tensor of Hilbert 

It is obvious from 159 that there is in general no equivalence between the 
S-EMT-H and the S-EMT-B. The connection between y^Ti^ and yshTi ^ is 
based only on the common for both tensors term gj.L. The same is valid to the 
connection between gsTi-' and ^shTi By means of 159 one can easily prove 
the following proposition: 

Proposition 2. The necessary and sufficient conditions for the equivalence 
between the S-EMT-B and the S-EMT-H {^^Ti^ = vshTi^) are the conditions 

vT,^ = aQ,' +2.gDl\gj^^. (160) 

Therefore, ^sTi is not equal in general to yshTi -'. This fact has to be taken 
into account when energy-momentum problems are considered in Lagrangian 
theories for tensor fields in (L„, (7)-spaces. 

Non-equivalence between the generaUzed canonical energy— momentum 
tensor and the symmetric energy-momentum tensor of Hilbert 

The second covariant Noether identity 9i ^ — gTi ^ = Qi ■' , 
written in the form 

can be expressed by means of the relation 

y^^T,^ +gi.L-2.gDl''.gj, 

in the form 

v9., ' + gO, ' - („,r, ' + gsT, ^) = yQ, + yshT^ ' +gl.L - 2.gDl''.gj^ . (162) 



If the covariant E-L equations for the non-metric tensor fields 155 are ful- 
filled, then yQ^^ — and 

vO^ ' + g9, - („ T, ^ + gsT, ^) = yshT, - 2.gD iKgj^ . (163) 

It is obvious that there is in general no equivalence between the GC-EMT 
and the S-EMT-H. From the last equality it follows immediately the proposition: 

Proposition 3. The necessary and sufficient conditions for the equivalence 
between the GC-EMT and the S-EMT-H {y0i^ = yshTi^) are the conditions 

. ' = ^ - g,T, ^ + 2.gD l^'.gj^ . (164) 

These conditions are not fulfilled in general. 
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5 Conclusions 



It has been shown that the corresponding to a Lagrangian density covari- 

ant Nocthcr identities contain in their structures the structiire of the covari- 
ant Euler-Lagrange equations. The Euler-Lagrange equations, the covariant 
Noether identities and their corresponding energy-momentum tensors built a 
full theoretical scheme of a Lagrangian theory of tensor fields with compatible 
structure's elements. 

The covariant Noether identities induce the determination of three types 
of energy-momentum tensors: generalized canonical, symmetric (of Belinfante) 
and variational (of Euler-Lagrange). The last type of EMT-s for non- metric 
tensor fields V vanishes in V^-spaces [but not in (L„, g)-spaces] if the covariant 
Euler-Lagrange equations for the corresponding dynamical fields are fulfilled. 
It does not vanish for the covariant metric tensor field g. The different types 
of EMT-s appear for every field variable (tensor field) in a Lagrangian den- 
sity regardless of the role of these field variables as dynamical or non-dynamical 
tensor fields. The symmetric energy-momentum tensor of Hilbert introduced 
in the Einstein field equations appears as an irrelevant element in the whole 
scheme of a covariant Lagrangian theory of tensor fields although some connec- 
tions between it and the other EMT-s could be established. It has been shown 
that the Euler-Lagrange equations can be found in an independent of the affine 
connections way and therefore, in an independent of the type of transport of 
the tensor field manner. 



A Explicit form of the energy-momentum ten- 
sors 

A.l Lie derivatives of components and their covariant deriva- 
tives of tensor fields 

1. Lie derivatives of the components b of non- metric tensor fields V 

£^{V^ b) = £iV^ B = [V^ B;l + {Sc^ ■V' B " Sj^j^KV^ d) -Tlk + 

(165) 

2. Lie derivatives of the covariant derivatives of the components b of 
non-metric fields V 

^dV" B;i) = [V^ + {Sci ^^F^ B;i " S^j^l^.V^ D;i).Tjk + B-I-TIU' + 

+ {Sci ^^F^ B;i - S^j ^KV^ D-M' ■,k + B;l.e ;i , 

(166) 

£dV'' B■,^■J) = [V^ B-i,j-k + {Sci -^".1^^ B;.;, " S^^j^^^.V^ D;.;,).TL + 

+ V^BM.Tt,-^V^B;i;l.Tlj].e + 
+ (5c; ^^y^ B;iu - Ssi^'^.V^ D;i-M' ;k + B;l;j4 ;i + B;i;U' ;i ■ 

(167) 
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3. Lie derivatives of the components gij of the metric tensor field g 

£m = {9ir,k + 9ij .tI + gu .ifj ) + 9ij -^^ -,1+ 9u -^^ -j ■ (168) 

- °--9d = ^.g-i + ^.g-ik , B = kl , D = mn. (169) 

A. 2 Energy-momentum tensors for the non-metric tensor 
fields V^B 

1. Energy- momentum tensor of Behnfante sv^i for b 

ysTi^= yTi^-olL, (170) 

T ^ — T 1 — n- T^^^ 1 T- 1 — T , {^7^) 

V t V -^i k — i/zm -v ^ k ■) v -'- 1 k — y^-v-^i v ' / 

rp jk { T7 ^3 „rm _|_ T7 km rj _ T7 jm ^ rprnjk 

V I — yim ■ \vs r l-y ~r vs ^ r l-fj vs * r l-y ) — yirri'V ^ I 5 

(172) 

vVr I = vsVr I + vaVr I , (173) 

kj —( ^ ^3 ^ 3^ ^ T7 ^3 \7 3^ \( \7 ^3 _L T7 ^ 

r I — 2*''^ '^ ' v*^ r I) •) vs^ r I — vs* r I — 2^^^ ^^ l^v^r I) 

(174) 

vVr I = vQr I- vPr"' I, (175) 

vPr ''^ I = Scr ^^-[-^TTa •^'^ B + {-^77J 1" -^TFa )-^'^ B;m- 

OV^ B-k OV^ B;k;m oV^ B;m;k 

BT BT 

- ^mTA ■V'' BUh + -V^ B;rh , (176) 

OV^ B;k;m oV^ B;j;k 

M^-l=SB-r -\gyA^^-y ^ ^ ^W^^ ^ W^^,^ 

- i ^J^ D\m\i , (177) 

fe=i 

(179) 

Tci = -Scm ^^.Tfi , P^j = -Scm ^^.P"l ■ (180) 

2. Generahzed canonical energy-momentum tensor y9i ^ for b- vU ■' is 
the canonical energy- momentum tensor for b- 

vOi ^ = vU ' - vKi i - yWi k , (181) 

(182) 
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dL dL 

vKi ^ = Scm "-V B-TTTTl nik + SBm -V D-TTTl -P™ nik + 

T^. = -T^. = - T^. - dj ^ (in a non-co-ordinate basis), , , 

= r*=j - (in a co-ordinate basis), ^ ' 

vW, ^■'^ k = gUW^ ^'^ ; = / , (185) 

(186) 

3. Variational energy- momentum tensor of Euler-Lagrange ■' for b 

vQi ' = (Sbi ""'-v^ d - Sci ^^>^ ■ ^^^^^ 

= w^-^^ + ' " ~ "^'^ ' ^^^^^ 

vWi = - ,Sk ^.T^j + gi,j.L , (189) 

= k;j + vVl - vQj^-{g\:k;i ' ^i^k + 9];m-TE) = 

-WvW^''' a-T^k + vWi^K{T^,j ' ,k> + T<ij "'.Trnk> 0+ 
+ ^Wi . (T,fe ' ,1 + Tjk - Tkj + Ti.T.k ' - i?™ mjk)+ (190) 
_ +vWi^''U,r.k_s9k-.j+9l,rn-Tkr)] + 

+ vT"^^^ .Qml-R!' jik - vQi^-{g\-k;i - 9r,i:k + gj-.m-Tik"") , 

Ti = gf.Tik ^ = Tu^ , Tjk = g'^.Ti, " ;fc , 

/n ki ri Dj r / \ j/A 

91^"^ B;k dV^ B;k;m B;m;k 

(JV^ D;k:rn 

'P kj Q Aj I ^rC j_ ( j_ T/C 

dV^ B-k dV^ B;k;m dV^ B;m;k 

- ^mTX^ ^)^™] + f>uT B;r , (193) 

OV^ B:k:m. OV^ B-.f.k 



(194) 



B;k;m B:r,k 
_ vVl ''^ + , _ _ 

vsVi = l{vVi +. Vi ^■'=) , ,aVl ''^ = ^{,Vl '^i -„ Vl 

,Vi '^^ = ,Wi ^■*=+ „ Ti , ,Wi ^'^ = gu-vW''' = - ,Wi ''^ , „ Ti = gu.y T'^'^ , 

(195) 

.W''" = ,sVm .5'" - v^Vrn .g'^ + vaV ^ , (196) 

, r«'= = ,sVm '''.f^ + vsV^ '^5^" - ,sVm ■q'''^ , (197) 
vSk'' = yik'' ~ vKk'' + gj..L . 
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A. 3 Energy-momentum tensors for the metric tensor field 

9i3 



1. Symmetric energy-momentum tensor of Belinfante sgTi for gij 

gsT.i = gT,^ -gi.L , (198) 

g^-^ = gT,^'' k = ga.gT'^'' k , (199) 

g Ti ^■'^ k = 9il.{asVm fc.<7"' + gsVnr fe.g"^ - gsV m k-Q^") , (200) 

gsV, ^'^ k = gi.gsV, ^■'^ , , (201) 
gsVi I = \{gVi i+gVi i) , gaVi =^ I = \{gVi i-gVi i) , (202) 

gV. I = g-Qj I - gPi I , (203) 

"7=\ ki n Di r / \ / \ ^ 

aQj '-i = Sj^j l\— — -gD + ijr + jr^ ).gD;m-{jr -Sr.);™];, 

(204) 

a ■),= P- J'^ , p. - 

•ymn;ij;l — g-*- i ;t ? 5-' * — o 

dL . dL dL . . dL 

o -dD + (-^ h T. )-gD;m - {t. 

<jgB,k 09B;k;m <jgB;m;k CfgB;k; 

(206) 

jk 

g ^ i ' — g^i " g-^ * 5 g ^ — gs ^ i ' ~T ga^ i 

2. Generalized canonical energy-momentum tensor gOi ^ for gij. gii ^ is the 
canonical energy-momentum tensor for gij 

gBi ^ = gti ^ - gKi ^ - gWi k , (207) 

dL dL \ ] ( 

Ogkl;j 09kl;j;m 09kl;m;j 09kl;m;j 

dL dL 

r) ^gnl'-^ kim ~i~ r\ 

Ogkl;m;j Ogkl;m;j 

gWi ^'^ k = gU-iaeVm fe-fl"' - gsV m " k-g"^' ' gaV m ^'^ fe-S"') , (210) 

3. Energy-momentum of Euler-Lagrange ^ for gij 

,Qi' = -^-^-gik^ (211) 

^yjk 



g-^i ^ I — -Qmn^ij^l — g-^i ^ ',1 ? g^i ^ — -Qmn^i (205) 

T7. _ T)_ jk _ -p jk T7 jk _ T7 jk , tT. jk 
)v I — g^j g^ 1' •) g^ 1' — gs ^ i T gay i 



gti ^ = (-^ );m]-gkl;i + {T, ■gkl;i);m - gj -L , (208) 

' '• 09kl;j;m Ogkl;m;j 09kl;m;j 

gKi ^ = 2.- .5„;.i?" kim + ^ -flWjn.T™ , (209) 



5gL 

Sgki 

gS, = gWi fe;, + gVl '^^.R' - gQ, '^^.(ffj;,;^ " ^j;^;^ + gU-T'k) , (213) 

dL , dL ^ dL 

Q ("o );ml-gkl;i ~^ "5 

09kl;j <jgkl;j;m <jgkl;m; 

(214) 



gF^^^-^.gkia+ gW, , gW^ ^ gS^ - gSi .Tik ^ + {gf .L),j , (212) 



gSi ^ = );m\-9kl;i + ^ ■gkl;m;i = gU^ " g^i^ + gf -L 
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